A directed graph G is primitive if there exists a positive integer /c such that for every pair of vertices u, w E G there is a walk from u to v of length k. The least such k is called the exponent of G. We define Gk to be the directed graph having the same vertex set as G and arcs (u,v) if and only if there is a walk in G of length k from vertex u to vertex ~1. A well-known upper bound for the exponent of a primitive directed graph G of order n is (n -1)' + 1, due to H. Wielandt in 1950. Our main result is the following refinement of the Wielandt bound: If G is a primitive directed graph with diameter d, then the exponent of G is at most d" + 1. We construct the primitive graphs for which equality is attained, and we generalize the bound to the class of irreducible matrices. In the course of proving the main result we find the following, which is interesting in its own right: If G is a primitive directed graph with diameter d, then the diameter of G" is at most d for all positive integers k.
It is evident that primitivity does not depend on the size of the positive entries in A, but only on their positions. Hence, we will suppose with no loss of generality that all of our matrices are (0,l) matrices. We denote by J the all l's matrix. where the diagonal blocks All and A22 are square and Azr is a (nonvacuous) block of zeros.
A (0,l) matrix which is not reducible is said to be irreducible. Primitive matrices are included in the class of irreducible matrices. A (0,l) matrix which is irreducible but not primitive is said to be imprimitive with index of imprimitivity k 2 2. We use the following result, due to G. Frobenius [3] , to establish Corollary 4.7 following Theorem 4.1. even though, for convenience, we have dropped the subscripts.
A graph G is said to be strongly connected (or strong) if there exists a path from 'U t,o v for all U, u E G. The diameter of a strongly connected graph G is max{d(zl, U) / U, u E G}. If G is not strongly connected, then the diameter is not defined. Clearly, the diameter of a graph is at most II -1.
The girth of G is the length of a shortest cycle in G. If G has no cycks, the girt,h is not defined.
Let L(G) denote the set of distinct cycle lengths L in G such that d + 1 5 L < 2d + 1. where d is the diameter of G. Let X(G) = IL(G)]. Similarly, define L(u) to be the set of lengths L of cycles in G wh,ich co71hzi7~ u and
We define G" to be the directed graph with the same vertex set as G and arc (u, V) if and only if there is a u 3 '~1 walk. The exponent of G: denoted exp(G), is the least integer k such that for each pair r1.z: of vertices of G. there is a u 3 v walk. Define exp(G; U) to be the least, integer k such that for each vertex %r in G there is a II 3 U. Clearly: We will refer to this bound as the diameter bound. In the course of proving the diameter bound we also obtain the following result:
is a primitive directed graph with diameter d, then the diameter of Gk is at most d for all positive integers k.
Hartwig and Neumann [5] mention that the diameter bound was conjectured by Hartwig in an unpublished working paper. In [5] The proof of the diameter bound is followed by an easy generalization to the class of irreducible matrices. Also, we obtain a construction of those graphs which attain the upper bound of d2 + 1. Our results are presented in the language of directed graphs. Therefore, with no loss of generality we suppose that cl"=, yz = 0 (mod k) for two integers 1 2 m. The walk (which has length <rok) has length rok -(m -1+ 1)~ + C,"=, x, = rok. -C,"=,(ro -z,)
= role -Cz"=, yz = 0 (mod k-), contradicting the choice of ro.
Therefore, u '2 u for some TO 5 d, so that in G" we have 'u 2 '1:; i.e., the diameter of G" is at most d.
In this section we prove Theorem 4.1 in the special case where the girth of G is at most d. Surprisingly, the more restricted case where the girth of G is d + 1 appears to be more difficult. We deal with that lengthy case in the next section. 
Proof.
We first suppose d = 1. Then G2 has a loop at every vertex and has diameter equal to 1, and hence A" = ,I, where A is the adjacency matrix of G. Therefore, exp(G) < 2 = d2 + 1. We now suppose d >_ 2. Let u, 'I' E G. Let C be a cycle of length s. 
We note that L c 0 (mod d). Therefore, in Gd there is a u 5 w walk where k 5 d -1, and using the loop at w in Gd, we obtain a u 5 w walk. Hence, in G there is a u d(d-l) w walk and so a u 5 v walk where
Since u E G is arbitrary, we conclude exp(G) 5 d2 unless u is on no cycle of length d and there is an arc (u, V) of G such that w is on a cycle of length d, in which case exp(G) 5 d2 + 1.
??
The primary difficulty in proving the main result (Theorem 4.1) lies in the consideration of those primitive directed graphs G with diameter d and girth d + 1. In this section we will prove exp(G) 5 d2 for this remaining case. Throughout this section we will be dealing exclusively, therefore, with primitive directed graphs of diameter d and girth s = d + 1.
We first observe that if G is a primitive directed graph, then there are closed walks in G of all lengths greater than or equal to exp(G). In particular, if m 2 2 is a positive integer, then there must be a closed walk in G whose length is not divisible by m. Moreover, every vertex of G must be contained in some such walk. In Lemma 4.1 we find, given a positive integer m 2 2 and a vertex u E G, an upper bound on the length of a shortest closed walk containing IL which is not divisible by m. U. Similarly, define C' to be a cycle of shortest length among all cycles which contain u and have length greater than ICI.
In the next two lemmas we obtain further information about the number and lengths of cycles contained in G. 
We note I&I 2 h -1 or else Q + C(b, u) would be a cycle of length at most d, a contradiction.
Therefore, the closed walk P + Q + R has length (Pl+~Q~+IRl>2(d+2-h)+h-1=2d+3-h>d+2,sinceh<d+l, and hence has length at least d + h; otherwise it would be a cycle and would contradict the minimality of C. Thus,
Therefore, h < (2d+4)/3 and so ICI = d+h 5 (5d+4)/3, which completes the proof of the lemma. Hence, in case 1, we have exp(G; u) 5 d2.
CASE 2. Suppose w has outdegree 1. Among all the vertices in C with outdegree at least 2, let .z be one for which (C(z, u)] is a minimum. Let (2, t) be an arc of C. Then from case 1, exp(G; t) I: d2. Since every cycle containing t also contains u, we have exp(G; u) 2 d2.
We now consider the small diameter cases, that is, d = 2,3,4. -+ a, a + b, b -+ c, and c ---) u paths. Then IPrl = 2, or else u is contained in a cycle of length 5, which contradicts the minimality of C. Similarly, IPd( = 2. Also, lP31 = 3, since the girth of Gisd+l=4.IfIPzJ=2,thenthecycleP~+Pz+P3+Pqhaslength 9 and we are done. If IPzl = 3, then the closed walk PI +Pz +C '(b, u) has length 9 and again we are done. (ii) The remaining arcs in G may be any set of arcs from vd to VI with the following properties: for each vertex 2, E vd, (v, 'UI) is an arc for some 'w E VI, and for each v E VI, (w, w) is an arc for SOme W E vd.
We observe the following about graphs G in the family F,j.
( We will show the graphs in this family are the only ones (up to isomorphism) which attain the upper bound d2 + 1. (see Figure 1. )
In the lemmas to follow, we assume that G is a primitive directed graph with diameter d > 2 and exponent d2 + 1, and we find properties of G that allow us to conclude that G is in the family Fd. Note that since G has girth d, every closed walk in G of length less than 2d must be a cycle. Also, if a vertex u of G is on no cycle of length d, then every closed walk that contains u and has length 2d must be a, cycle. Let w E G be any vertex, and let P be a shortest v -+ w path. Then the u -+ w walk consisting of (u,v) + P has length at most d + 1 and meets cycles of lengths d and d + 1. Therefore, by Corollary 1.7, since vertex U: is arbitrary,exp(G;u)
CASE II. Suppose u is on a cycle of length 2d. We show there is a u 5 '~1 walk for each w E G. We observe by the argument in Lemma S.l(b)(ii) a shortest v + w path has length d, since we are assuming exp(G; ,u) = d2 + 1. Suppose exp(G) = d2 + 1. The descriptions of the arcs of G from Lemmas 5.1, 5.2, and 5.3 are precisely those which define graphs in the family 3d. Therefore, we conclude that if exp(G) = d2 + 1, then G belongs to the family of graphs 3d.
